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ABSTRACT

In this study, singular vectors related to a heavy rainfall case over the Korean Peninsula were calcu-
lated using the fifth-generation Pennsylvania State University–National Center for Atmospheric Research
Mesoscale Model (MM5) adjoint modeling system. Tangent linear and adjoint models include moist physical
processes, and a moist basic state and a moist total energy norm were used for the singular-vector calcula-
tions. The characteristics and nonlinear growth of the first singular vector were analyzed, focusing on the
relationship between the basic state and the singular vector.

The horizontal distribution of the initial singular vector was closely related to the baroclinicity index
and the moisture availability of the basic state. The temperature-component energy at a lower level was
dominant at the initial time, and the kinetic energy at upper levels became dominant at the final time in
the energy profile of the singular vector.

The nonlinear growth of the singular vector appropriately reflects the temporal variations in the basic
state. The moisture-component energy at lower levels was dominant at earlier times, indicating continuous
moisture transport in the basic state. There were a large amount of precipitation and corresponding latent
heat release after that period because the continuous moisture transport created favorable conditions for
both convective and nonconvective precipitation. The vertical propagation of the singular-vector energy was
caused by precipitation and the corresponding latent heating in the basic state.
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1. Introduction

Singular vectors are optimal perturbations that
grow most rapidly in terms of a norm for a given basic
state and optimization time interval (Kim and Mor-
gan, 2002). Singular vectors have been widely used
for both theoretical and practical purposes since they
were introduced to atmospheric science. For exam-
ple, singular vectors have been used for studies on the
predictability of numerical weather prediction models
(Lorenz, 1965; Farrell, 1990; Buizza and Palmer, 1995;
Ehrendorfer and Errico, 1995; Palmer, 1996; Errico et
al., 2001), the design of initial perturbations for en-
semble forecasting (Buizza et al., 1993; Molteni et al.,
1996; Ehrendorfer and Tribbia, 1997; Gelaro et al.,

1998; Hamill et al., 2000), and target (or adaptive) ob-
servations (Buizza and Montani, 1999; Gelaro et al.,
1999; Majumdar et al., 2002; Majumdar et al., 2006;
Wu et al., 2009; Yamaguchi et al., 2009).

Hoskins et al. (2000) calculated singular vectors us-
ing the European Center for Medium-Range Weather
Forecasts Ensemble Prediction System (ECMWF
EPS) to investigate the influence of the basic state on
the structure of the singular vectors. They found that
amplification factor, geographical distribution, verti-
cal energy profile, and energy spectrum are sensitive
to the basic state. Coutinho et al. (2004) studied the
impact of moist, linearized physical parameterization
on extratropical singular vectors using the ECMWF
Integrated Forecasting System (IFS). The inclusion
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of moist linear physics resulted in a shift to smaller
horizontal scales and enhanced growth for the singu-
lar vectors, and large-scale condensation was found to
be more important than cumulus convection. Hoskins
and Coutinho (2005) computed singular vectors using
the full-physics ECMWF global model and a dry to-
tal energy norm for high-impact European cyclones.
Large-scale latent heat release is crucial to obtaining
the relevant singular vectors, and this is consistent
with the results of Coutinho et al. (2004).

Few studies on singular vectors have used regional
models and the corresponding tangent linear/adjoint
models compared to global models. Ehrendorfer and
Errico (1995) computed singular vectors by using the
National Center for Atmospheric Research Mesoscale
Adjoint Modeling System version 1 (NCAR MAMS1)
developed by Errico et al. (1994). Dry total en-
ergy norm and dry tangent linear/adjoint models were
used. Singular-vector calculations were performed for
two different synoptic cases: explosive cyclogenesis
over the North Atlantic and Alpine lee cyclogene-
sis. They analyzed the eigenvalues spectra, horizontal
structures, and vertical energy profiles of the singular
vectors, and they also mentioned the mesoscale pre-
dictability based on the eigenvalues spectra. Ehren-
dorfer et al. (1999) used the moist version of MAMS2
and a moist total energy norm to calculate singular
vectors related to winter and summer cases. They
found that the consideration of moisture leads to faster
growth of perturbations and the appearance of newly
growing structures. The growth rates of the singular
vectors were more sensitive to the choice of the basic
state and the tangent linear model (dry or moist) than
to the choice of the norm (dry or moist total energy).
The spectra of singular values were computed (Errico
et al., 2001), and singular vectors with norms based on
the inverse of variances in the initial-condition uncer-
tainty and precipitation rate were calculated (Errico
et al., 2004) using MAMS2.

Recently, the fifth-generation Pennsylvania State
University-NCAR Mesoscale Model (MM5) and its ad-
joint modeling system (Zou et al., 1998) were used to
calculate singular vectors for a tropical cyclone (TC).
Kim and Jung (2009a) used the MM5 adjoint modeling
system and a dry total-energy norm (including vertical
wind perturbations) to compute singular vectors for
TC Usagi (2007). They found that, relatively far from
the region of TC recurvature, singular vectors near
the TC center were important and that closer to the
TC recurvature, singular vectors in the mid-latitude
trough region were important for adaptive observation
strategies. Kim and Jung (2009b) investigated the ef-
fects of moist linear physics (large-scale precipitation)
and a moist total-energy norm on the structures and

growth rates of singular vectors using the MM5 adjoint
modeling system. They found that, given large-scale
precipitation as the linear moist physics, the singular-
vector horizontal structure (smaller scale), vertical en-
ergy profile (closer to the lower boundary), and growth
rate (greater growth rate) with the moist total energy
norm show the largest difference compared to those
using other norms.

On the basis of the results reported by Badger and
Hoskins (2001), Hoskins et al. (2000) suggested growth
mechanisms for the singular vector calculated using
the ECMWF EPS. Shorter optimization time interval
(OTI) singular vectors grow by unshielding vertically
compact potential vorticity (PV) structures and un-
tilting westward-tilted troughs as they propagate up-
ward. Longer OTI singular vectors also grow by un-
shielding and untilting their structures initially. The
interaction between the interior PV of the singular
vector and the temperature perturbation at the sur-
face enables longer-term normal-mode-like (i.e., expo-
nential) growth after the initial growth. This normal-
mode-like growth can only be observed for the longer
OTI singular vectors because their initial locations are
lower than those of the shorter OTI singular vectors in
the troposphere. Reynolds et al. (2001) examined the
relationships between singular vectors and the tran-
sient features in the background flow by analyzing po-
tential vorticity and Q-vector. Montani and Thorpe
(2002) indicated that part of the singular vector below
500 hPa is responsible for the singular-vector energy
growth.

In this study, singular vectors were calculated us-
ing a complicated regional adjoint modeling system,
that is, the MM5 adjoint modeling system like in Kim
and Jung (2009a, b). However, the modeling system in
this study was not used for extratropical or TC cases
like those in previous studies but rather for a heavy
rainfall case over the Korean Peninsula. Moist lin-
ear physics schemes, including a convective scheme as
well as a large-scale precipitation scheme, and moist
total energy norm were used to calculate singular vec-
tors related to a heavy rainfall case in this study.
To our knowledge, singular vectors for heavy rainfall
have not yet been studied. Hoskins et al. (2000) sug-
gested growth mechanisms for the singular vector cal-
culated from the ECMWF global model using dry lin-
ear physics and the dry total energy norm. In this
study, nonlinear growth of the singular vector calcu-
lated from the MM5 adjoint modeling system was in-
vestigated using moist linear physics and moist total
energy norm.

The purposes of this study were to analyze the
characteristics of the first singular vector and the re-
lationships between the singular vector and the basic
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state, and to elucidate the mechanism underlying the
nonlinear growth of the singular vector, especially the
vertical propagation of singular-vector energy. In sec-
tion 2, theoretical backgrounds of singular vectors are
summarized, and brief descriptions of a numerical ex-
periment and a heavy rainfall case are given in section
3. The characteristics and nonlinear growth of the sin-
gular vector are discussed in section 4. The conclusion
is presented in section 5.

2. Theoretical background

Singular vectors are those structures that grow
most rapidly in terms of a specified norm during an
optimization time interval in a linear sense. The the-
oretical background of singular vectors is briefly ex-
plained in this section. A full description of the theo-
retical background of singular vectors can be found in
previous literature (e.g., Ehrendorfer and Errico, 1995;
Ehrendorfer et al., 1999; Errico et al., 2004; Kalnay,
2004; Kim and Jung, 2009a; Kim and Jung, 2009b).

In this study, a moist total energy norm (Ehren-
dorfer et al., 1999; Errico et al., 2004) that excludes
the contribution from a surface pressure term was used
both at initial and final times:
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where E is moist total energy, u and v are zonal
and meridional components of wind respectively, T is
temperature, q is the water vapor mixing ratio, and
a prime denotes the perturbation quantity. Nw =
(nx − 2)(ny − 2) is the number of grid points for the
wind field and Nt = (nx − 3)(ny − 3) is the number
of grid points for the thermodynamic field. Indices,
i, j, and k represent zonal, meridional, and vertical
directions, respectively, and Δσk denotes the inter-
val between adjacent levels. In this equation, cp is
the specific heat of dry air at constant pressure, Tr is
the reference temperature, and L is the latent heat of
condensation per unit mass with numerical values of
1005.7 J kg−1 K−1, 270 K, and 2.5104 × 106 J kg−1,
respectively.

Singular vectors were calculated from the maxi-
mization problem as follows. The initial (t=0) ampli-
tude of the perturbation (of the state vector) in terms
of the norm was constrained to be unity, and the am-
plitude of the perturbation at the optimization time

(t = τopt) in terms of the norm was maximized:

< APxt, APxt >

< APx0, APx0 >

=
< APLx0, APLx0 >

< APx0, APx0 >

=
< APLQy0, APLQy0 >

< APQy0, APQy0 >
, (2)

where the inner product is denoted by <, >, matrix A
defines the specified norm, matrix P (projection ma-
trix) picks up some variables required to calculate the
norm from the entire variables of the state vector, ma-
trix Q (retrieval matrix) operates oppositely to matrix
P , and L is a tangent linear model operator. In this
equation, x0 is the perturbation of the state vector
at t=0, xt is the perturbation of the state vector at t
=τopt, and y0=Q−1x0. Matrix B was introduced to
reduce the generalized eigenvalue problem related to
Eq. (2) to an ordinary eigenvalue problem:

< APLQB−1z0, APLQB−1z0 >

< z0, z0 >

=
zT

0 (B−1)TQTLTP TATAPLQB−1z0

zT
0 z0

, (3)

where B = APQ and z0 = By0.
It can be easily shown that this maximization prob-

lem is equivalent to the ordinary eigenvalue problem
by introducing a Lagrangian and setting its derivatives
equal to zero:

(B−1)TQTLTP TATAPLQB−1z0 = λz0 ,

with zT
0 z0 = 1 . (4)

Finally, singular vectors were calculated from the
eigenvectors, z0 and singular values were calculated
from the eigenvalues, λ.

3. Numerical model, experiment design, and
a heavy rainfall case

3.1 Numerical model and experiment design

The MM5 adjoint modeling systema was used to
calculate singular vectors in this study. The adjoint
modeling system consists of a nonlinear model, a tan-
gent linear model, and an adjoint model. The nonlin-
ear model is based on the MM5 version 1 (Grell et al.,
1993).

aVukicevic and Errico (1993) noted the problems related to nonphysical oscillations in tangent linear and adjoint models of the
MM4, the previous version of the MM5. However, these problems can be removed by using the method proposed by Zou et al.
(2001), and the problems affect only the adjoint sensitivity results, not the singular vector results.
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Fig. 1. Geographical area and terrain height (contour in-
terval of 250 or 100 m) for (a) domain 1 and (b) domain
2. Singular-vector calculation was performed on domain
2.

Basic state (or nonlinear model trajectory) is a ref-
erence state for the integration of the tangent linear
and adjoint models, and it was considered equivalent
to the integration of the nonlinear model in this study.
One-way nested domains (domain 1 and 2) were used
for the integration of the nonlinear model (Fig. 1).
The number of grid points for both domain 1 and 2
was 58 × 52, and the horizontal grid spacing of do-
mains 1 and 2 were 90 km and 30 km, respectively.
The number of half-sigma levels for all the domainsb

was 10, from 0.05 to 0.95, with an identical interval
of 0.1, and the model top was 50 hPa. The National
Centers for Environmental Prediction/National Cen-
ter for Atmospheric Research (NCEP/NCAR) reanal-
ysis data with a horizontal resolution of T62 (∼209
km) were used for the initial and boundary conditions
of domain 1.

Physical parameterization schemes used for the in-
tegration of the nonlinear model included the Anthes-
Kuo cumulus parameterization scheme (Kuo, 1974), a
bulk aerodynamic formulation of planetary boundary
layer, stable precipitation (i.e., large-scale precipita-
tion), a simple cooling radiation scheme, horizontal
diffusion, vertical diffusion, and dry convective adjust-
ment. The stable precipitation was simply parameter-
ized by precipitating any moisture in excess of 100%
relative humidity and ignoring any subsequent evapo-
ration.

Singular-vector calculation was performed in do-
main 2, and physical parameterization schemes used
for the tangent linear and adjoint models integration
were the same as those for the nonlinear model. The
initial time for domain 2 integration (i.e., singular vec-
tor calculation) was 1200 UTC on 29 June 1994, and
the optimization time interval was 24 h from 1200
UTC on 29 June to 1200 UTC on 30 June 1994. The
moist total energy norm introduced in section 2 was
used for the singular-vector calculation.

The eigenproblem related to the singular vector
calculation [Eq. (4)] could not be solved directly be-
cause the dimension of eigenproblems is very large,
and it is impossible to know explicitly every element
of the matrix associated with the eigenproblem. The
F12FBF FORTRAN library routine (NAG, 2005) de-
veloped at the Numerical Algorithm Group (NAG)
was used to compute singular vectors iteratively. This
routine was equivalent to the Lanczos algorithm for
symmetric problems (Strang, 1986).

3.2 A heavy rainfall case

In the heavy rainfall case studied here, a surface
low moving from the Shandong Peninsula to the Ko-
rean Peninsula induced a large amount of precipita-
tion over the Korean Peninsula. The amount of 24-h
accumulated precipitation, from 1200 UTC 29 June
1994 to 1200 UTC 30 June 1994, was >200 mm over
the central part of South Korea. The maximum ac-
cumulated precipitation amount in 24 h was 244 mm
at Yeongju, and the 1-h accumulated precipitation at
Yeongju was 60 mm at 1000 UTC 30 June 1994 (Fig.
2a). The precipitation distribution and precipitation
amount simulated in the nonlinear model integration
were similar to the observations (Fig. 2b).

Synoptic analyses made using the European Cen-
ter for Medium-Range Weather Forecasts 40-year re-
analysis (ECMWF ERA-40) data for 1200 UTC 29
June 1994 are shown in Figs. 2c and d. At 1200
UTC 29 June 1994, there was strong upper-level di-
vergence related to the upper-level jet stream, and this

bThe number of vertical levels used in this study was restricted to 10 because of the enormous computational cost and memory
requirements.
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Fig. 2. The 24-h accumulated precipitation distribution over South Korea (top panel, mm, from
1200 UTC 29 June to 1200 UTC 30 June 1994) for (a) surface observations and (b) nonlinear model
simulation. Synoptic analyses at 1200 UTC 29 June 1994 (bottom panel). (c) geopotential height
(black solid, contour interval of 120 m), temperature (red dashed, contour interval of 5 K), wind
speed (shaded, >37.5 m s−1), and wind vector at 200 hPa and (d) geopotential height (black solid,
contour interval of 30 m), temperature (red dashed, contour interval of 3 K), water-vapor mixing
ratio (shaded, >0.012 kg kg−1), and wind vector at 850 hPa.

upper-level large-scale forcing induced upward motion.
At 200 hPa level, cold and dry air from the northern
parts of China was advected to the Korean Peninsula
by a northerly or northwesterly flow (Fig. 2c). The
lower-level trough at 850 hPa level was west of the sur-
face low. This westward-tilted structure implies that
the upstream regions of the Korean Peninsula were
baroclinically unstable. Warm and moist air from the

central and southern parts of China was advected at
850 hPa level by a southwesterly flow with a speed of
nearly 20 m s−1 (Fig. 2d).

At 0000 UTC 30 June, the surface low deepened as
it moved downstream. Warm and moist air was trans-
ported to the Korean Peninsula continuously at 850
hPa by the southwesterly flow between cyclonic circu-
lation and anticyclonic circulation over the Yellow
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Fig. 3. Amplification factor (solid line with filled circles)
and error doubling time (h, dashed line with open circles)
for the first 10 SVs.

Sea (not shown).
The heavy rainfall case examined in this study was

characterized by the advection of warm and moist air
at lower levels and the advection of cold and dry air
at upper levels. This synoptic environment provided
favorable conditions for the development of the pre-
cipitating system. In other words, convective (con-
ditional) instability as well as baroclinic instability
caused torrential rainfall over the Korean Peninsula.
Note that this synoptic pattern has been frequently
observed in the heavy rainfall cases over the Korean
Peninsula (Lee et al., 2008). Synoptic environments
related to the heavy rainfall were well simulated in
the nonlinear model run (not shown).

4. Results and discussion

4.1 Characteristics of the singular vectors

Figure 3 shows an amplification factor (or singu-
lar value) and its corresponding error-doubling time
as a function of the singular-vector index. The am-
plification factor was calculated from the ratio of the
norms at the initial and final times, and the error-
doubling time is given as td ≡ τoptln2/lnλ, assuming
exponential growth. By definition, the amplification
factor decreases and the error-doubling time increases
with the increasing singular-vector index. The ampli-
fication factor of the first singular vector was ∼135,
and the corresponding error-doubling time was ∼3.39
h. The amplification factors (error-doubling times) of
the second, third, and fourth singular vectors were
∼106 (3.57 h), 87 (3.73 h), and 63 (4.02 h), respec-
tively. The decreasing rate of the amplification factor

from the first to the fourth singular vector (∼72) was
greater than that from the fifth to the tenth singu-
lar vector (∼19). The characteristics and nonlinear
growth of the first singular vector (hereafter denoted
as SV1) are analyzed below, although a total of 10
singular vectors were computed in this study.

The horizontal distributions of an initial SV1 and a
final SV1 are shown in Fig. 4. Each component of the
SV1 was plotted at its maximum-amplitude level. A
level was determined as a maximum-amplitude level
when the absolute value of each component of the
SV1 was the greatest at that level. The initial SV1
was located near the Shandong Peninsula, the loca-
tion of surface low at the initial time. The amplitude
for the temperature component of the initial SV1 was
the greatest and that for the moisture component was
the smallest. The temperature and moisture compo-
nents were more localized than the zonal wind and
meridional wind components. The meridional wind,
temperature, and moisture components were in phase,
but the zonal wind component was out of phase with
the other components when all of the components were
compared at the same level (e.g., at the 0.85-sigma
level; figures not shown). Positive values of the tem-
perature component were collocated with positive val-
ues of the meridional wind component, and negative
values of the temperature component were collocated
with negative values of the meridional wind compo-
nent, implying a decrease of horizontal temperature
gradient or an energy conversion of baroclinic waves.
The final SV1 was located over the East Sea (Sea of
Japan), downstream of the location of the initial SV1.
The location of the final SV1 was related to the dis-
tribution of 24-h accumulated precipitation (Fig. 2b).
The amplitudes of the zonal wind and meridional wind
components were greater than those of the tempera-
ture and moisture components. In addition, the hori-
zontal extents for all the components of the final SV1
increased compared to those of the initial SV1c.

Analyzing the energy characteristics of the SV1
was important because the (moist) total energy norm
was used in this study. Figure 5 shows the vertical pro-
file of the SV1 total energy, kinetic energy (contribu-
tions from the zonal wind and meridional wind compo-
nents), temperature-component energy, and moisture-
component energy at the initial and final times. The
total energy of the initial SV1 had an amplitude of one,
and that of the final SV1 was normalized by its sin-
gular value. The temperature-component energy was
dominant, and it was concentrated at a lower level, the
0.85-sigma level (∼857 hPa) at the initial time. There

cContour or shading interval should be same when horizontal extent is considered. When the contour or shading interval is set
to the same value, the above statements on the horizontal extent are still valid (figures not shown), and they are consistent with
Fig. 6.
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Fig. 4. Horizontal distribution of initial SV1 (shaded) and final SV1 (contour, negative values are
denoted by dashed contours, normalized by its singular value). (a) zonal wind component (m s−1),
(b) meridional wind component (m s−1), (c) temperature component (K), and (d) moisture compo-
nent (g kg−1). Each plot was made at its maximum level and the level was indicated at upper-right
corner (initial/final).

were two peaks in the energy profile at the final time.
One peak was located at an upper level, the 0.25-sigma
level (∼287 hPa), related to the kinetic energy. The
other peak was located at a relatively lower level, the
0.75-sigma level (∼762 hPa), related to the moisture-
component energy. The initial SV energy related to
the temperature component at a lower level was con-
verted to the final SV energy related to the wind
components at an upper level, a result that is con-
sistent with previous studies (Ehrendorfer et al., 1999;
Coutinho et al., 2004) for extratropical cyclones. The
mechanism associated with the vertical propagation of

the SV energy is explained in the next subsection.
The spectral distributions of the total energy,

kinetic energy, and temperature- and moisture-
components energy for the initial and final SV1 are
shown in Fig. 6. The energy spectra were calculated
using the Discrete Cosine Transform (DCT, Denis et
al., 2002) to avoid the aliasing effect of aperiodicity. A
spectral peak appeared near the wavelength of 167 km
(meso-β) at the initial time. The peak moved toward
the longer wavelength (∼214 km, meso-α) at the final
time. The total energy with wavelength >214 km and
<115 km increased, and that between 214 km and
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Fig. 5. Vertical profile of SV1 total energy (J kg−1, solid
line), kinetic energy (J kg−1, dashed line), temperature-
component energy (J kg−1, dotted line), and moisture-
component energy (J kg−1, dash-dotted line). (a) initial
time and (b) final time. Final SV1 was normalized by its
singular value to make its total energy equal to one.

115 km decreased (Fig. 6a). The initial spectral peak
of the total energy was related to a spectral peak
of the temperature-component energy at the initial
time. The intermediate-scale temperature-component
energy decreased significantly, and the large-scale en-
ergy increased slightly (Fig. 6c). The final spectral
peak of the total energy was related to a spectral peak
of the kinetic energy at the final time. The kinetic en-
ergy over all of the scales increased, especially in the
large-scale region (Fig. 6b). The moisture-component
energy over nearly all the scales also increased, al-
though the absolute value was smaller than the kinetic
energy (Fig. 6d). Consequently, the intermediate-
scale (mainly meso-β scale) temperature-component
energy at the initial time was converted to the large-

scale kinetic energy (greater than the meso-α scale)
and the small-scale kinetic energy, mostly large-scale,
at the final time by (linear) model dynamics and
physics. Coutinho et al. (2004) showed the upscale en-
ergy transfer of the SV energy, energy transfer from a
higher wavenumber region (i.e., small-scale region) to a
lower wavenumber region (i.e., large-scale region), us-
ing the ECMWF global model. Although the upscale
energy transfer indicated in Coutinho et al. (2004) was
not shown clearly, the large-scale SV energy increased,
whereas the intermediate-scale SV energy decreased in
this study.

In summary, the initial SV1 coincided with the
surface low (near the Shandong Peninsula) causing
heavy rainfall over the Korean Peninsula. The ini-
tial temperature-component energy at lower levels was
converted to the final kinetic energy at upper levels.
Moreover, the initial spectral energy peak shifted to-
ward the longer wavelength during the optimization
time interval (24 h in this study).

4.2 Nonlinear growth of the first singular vec-
tor

Nonlinear growth of the SV1 was calculated as fol-
lows. CONTROL was defined as the nonlinear inte-
gration of an unperturbed initial condition, and it was
considered equivalent to the basic state for tangent
linear and adjoint model integrations. PERTURBED
was defined as the nonlinear integration of a perturbed
initial condition. The initial SV1 was re-scaled to be
consistent with estimates of analysis uncertainty, and
it was added to the unperturbed initial condition to
create the perturbed initial condition. The nonlinear
growth of the SV1 was computed from the difference
between CONTROL and PERTURBED.

The temperature-component energy was dominant,
and it was concentrated at lower levels in the SV en-
ergy profile at 1200 UTC on 29 June 1994 (Fig. 5a).
To demonstrate the relationship between the peak of
the temperature-component energy at lower levels and
the basic state, the horizontal distributions for the
temperature component of the initial SV1, baroclinic-
ity index, and moisture availability at the initial time
are given in Fig. 7a. The baroclinicity index was cal-
culated as in Hoskins and Valdes (1990):

σBI = 0.31f

∣∣∣∣
∂V

∂z

∣∣∣∣N
−1 , (5)

where σBI is baroclinicity index, f is Coriolis param-
eter, V is horizontal wind vector, and N is Brunt-
Väisälä frequency.

In the study of Coutinho et al. (2004), horizon-
tal distributions of SVs were closely related to those
of the baroclinicity index and moisture availability.
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Fig. 6. Spectral distribution of (a) total energy, (b) kinetic energy, (c) temperature-component
energy, and (d) moisture-component energy for initial SV1 (J m−2, solid line) and final SV1 (J
m−2, dashed line) as a function of wavenumber.

The SV was located over regions of high baroclinic-
ity, but its exact location did not coincide with the
local maximum of the baroclinicity index. Instead,
the SV shifted to the local maximum of the water-
vapor mixing ratio. In this study, the maximum of
the baroclinicity index occurred over the Yellow Sea,
and that of the water-vapor mixing ratio was located
near the Shandong Peninsula. As a result, the initial
SV1 was not located over the Yellow Sea but was dis-
placed toward the Shandong Peninsula. This result is
consistent with the results of Coutinho et al. (2004),
and implies the importance of moisture availability as
well as baroclinic instability.

Vertical cross sections for the temperature compo-
nent of the initial SV1 and the basic-state tempera-
ture at 1200 UTC on 29 June 1994 are shown in Fig.
7b. From the 0.95-sigma level (∼952 hPa) to the 0.55-
sigma level (∼572 hPa), the temperature component of
the initial SV1 tilted westward. This implies that the
vertical structure of the initial SV1 was closely associ-
ated with the lower-level baroclinicity of the basic state
mentioned in section 3.2. As the precipitating system
developed, the baroclinicity gradually decreased and
the upshear-tilted structure of the SV1 disappeared.
After the initial time, the baroclinicity of the basic
state remained same or decreased slightly; on the other

hand, a large amount of moisture was transported vig-
orously in the basic state. Consequently, the peak of
the temperature-component energy vanished shortly,
and the peak of the moisture-component energy ap-
peared afterward.

Vertical distributions of the SV1 energy from 1300
UTC to 1600 UTC 29 June 1994 are shown in Fig. 8.
The initial temperature-component energy at lower
levels became small, and the moisture-component en-
ergy at lower levels, the 0.75- and 0.85-sigma levels,
became dominant within 1 h (Fig. 8a). At 1400 UTC
29 June, the moisture-component energy at the lower
levels reached its peak amplitude (Fig. 8b). Sub-
sequently, the moisture-component energy decreased
gradually (Figs. 8c and d) until the kinetic energy
at upper levels became dominant at 1800 UTC on 29
June (Fig. 11a). This 4-h dominance (from 1300 UTC
to 1700 UTC 29 June) of the moisture-component en-
ergy at the lower levels also reflects the importance of
moisture availability in this study.

Figure 9 shows the horizontal distributions of the
moisture component of the SV1 and moisture flux vec-
tor computed from wind and moisture fields of the ba-
sic state from 1300 UTC to 1600 UTC 29 June 1994.
The moisture component of the SV1 moved down-
stream continuously. From 1300 UTC to 1600 UTC
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Fig. 7. (a) Temperature component of initial SV1 (K,
black solid, negative values are denoted by dashed con-
tours) at the 0.85-sigma level, lower-level baroclinicity
index (shaded, >1.0×10−5 s−1), and water-vapor mixing
ratio (green solid, >0.013 kg kg−1) at 1200 UTC 29 June
1994. (b) Vertical cross section along the line in Fig. 4c
for temperature component of initial SV1 (shaded, K)
and temperature of basic state (contour interval of 5 K)
at 1200 UTC 29 June 1994.

29 June, a large amount of moisture was transported
to the location of the SV1 constantly. Consequently,
the moisture component of the SV1 was located over
regions of (basic-state) high moisture availability from
1300 UTC to 1600 UTC.

Continuous moisture transport between cyclonic

circulation (north of the precipitating system) and an-
ticyclonic circulation (south of the precipitating sys-
tem) created favorable conditions for precipitation
(Fig. 10). Potential temperature at the center of the
system increased with height, and hence the system
was statically stable (Fig. 10b). However, equiva-
lent potential temperature at the center of the sys-
tem decreased with height from the 0.95-sigma level to
the 0.55-sigma level by ∼10 K, and hence the system
was conditionally unstable (Fig. 10b). Maximum of
column-integrated moisture flux convergence appeared
at the center of the system, implying that a large
amount of precipitation can be induced by the cumulus
parameterization (subgrid-scale) scheme (Fig. 10a).
In addition, relative humidity at the center of the sys-
tem was almost 100%, implying that a large amount of
precipitation can be induced by the large-scale conden-
sation (grid-scale) scheme (Fig. 10a). Consequently,
high moisture availability at the center of the system
resulted in a large amount of both convective and non-
convective precipitation, and this precipitation turned
out to be connected to the vertical propagation of the
SV1 energy.

Figure 11 shows vertical distributions of the SV1
energy at 1800 UTC 29 June, 2200 UTC 29 June,
and 0500 UTC 30 June 1994. At 1800 UTC 29 June,
the kinetic energy was comparable to the moisture-
component energy at the 0.85-sigma level, and it ap-
peared as another peak at the 0.15-sigma level (∼192
hPa, Fig. 11a). Afterward, two peaks appeared in the
vertical profile of the SV1 energy. One major peak
was related to the upper-level kinetic energy, and the
other minor peak was related to the lower-level kinetic
energy or the moisture-component energy. At 2200
UTC 29 June, the kinetic energy was dominant at the
0.25-sigma level, and a minor peak appeared at the 0.8-
5-sigma level (Fig. 11b). This minor peak was
composed of the kinetic energy and the moisture-
component energy, and the kinetic energy was dom-
inant. At 0500 UTC 30 June, the kinetic energy was
dominant at the 0.25-sigma level, and a minor peak ap-
peared at the 0.75-sigma level (Fig. 11c). In contrast
with the dominance of the kinetic energy at 2200 UTC
29 June, the moisture-component energy was domi-
nant in the minor peak at 0500 UTC 30 June. From
1800 UTC 29 June to 0300 UTC 30 June, the kinetic
energy was dominant in the lower-level minor peak,
and the moisture-component energy was dominant in
the lower-level minor peak after 0300 UTC 30 June.
Except for the dominant type of energy in the minor
peak, the kinetic energy at upper levels peaked from
1800 UTC 29 June to 1200 UTC 30 June.

The horizontal distributions of the zonal wind com-
ponent and the meridional wind component of the SV1
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Fig. 8. Vertical profile of SV1 total energy (J kg−1, solid line), kinetic energy (J kg−1,
dashed line), temperature-component energy (J kg−1, dotted line), and moisture-
component energy (J kg−1, dash-dotted line) computed from nonlinear growth of
initial SV1 on 29 June 1994 at (a) 1300 UTC, (b) 1400 UTC, (c) 1500 UTC, and (d)
1600 UTC.

at 1800 UTC 29 June 1994 are shown in Fig. 12. Con-
vergence can be found from the pattern of the zonal
wind and meridional wind components of the SV1 at
the 0.85-sigma level. In contrast, divergence can be
seen from the pattern of the zonal wind and meridional
wind components of the SV1 at the 0.15-sigma level.
Therefore, the zonal wind and meridional wind compo-
nents of the SV1 at 1800 UTC 29 June can be summa-
rized as the upper-level divergence and the lower-level
convergence. The amplitude of the upper-level diver-
gence was greater than that of the lower-level conver-
gence. Accordingly, the upper-level divergence of the
SV1 was possibly responsible for the upper-level ki-
netic energy peak in the energy profile of the SV1.

Figure 13 shows the 1-h accumulated precipitation
and vertical cross sections of latent heating, vertical
velocity, and divergence at 2200 UTC 29 June and
0500 UTC 30 June 1994. At 2200 UTC 29 June, the

maximum precipitation amount occurred over the Yel-
low Sea, and nonconvective precipitation was domi-
nant at the maximum (Fig. 13a). Latent heat was
released as a result of precipitation, and its maximum
appeared at the 0.5-sigma level (∼525 hPa). This la-
tent heating enhanced buoyancy, and vertical motion
was strongest at the 0.5-sigma level because of the en-
hanced buoyancy. By the continuity equation (i.e.,
mass conservation equation), the vertical motion in-
duced convergence at lower levels and divergence at
upper levels (Fig. 13b). This lower-level convergence
of warm and moist air again resulted in favorable con-
ditions for precipitation, and hence positive feedback
existed. At 0500 UTC 30 June, the maximum of pre-
cipitation amount occurred over the Korean Penin-
sula, and convective precipitation was dominant (Fig.
13c). The maximum of latent heating appeared at a
relatively high level, the 0.3-sigma level (∼335 hPa).
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Fig. 9. Moisture component of SV1 computed from nonlinear growth of initial SV1 (g kg−1, negative val-
ues are denoted by dashed contours) and moisture flux vector of the basic state (kg m−2 s−1) on 29 June
1994 at (a) 1300 UTC, (b) 1400 UTC, (c) 1500 UTC, and (d) 1600 UTC. All quantities were calculated
at the 0.85-sigma level.

Vertical motion was strong at upper levels because of
the enhanced buoyancy. The corresponding divergence
and convergence patterns are shown in Fig. 13d.

In brief, the continuous moisture transport resulted
in a large amount of precipitation and the correspond-
ing latent heating. This latent heating enhanced buoy-
ancy, and the enhanced buoyancy induced vertical mo-
tion and the corresponding upper-level divergence and
lower-level convergence. These features of the basic
state were properly reflected in the horizontal distri-
butions of the zonal wind and meridional wind compo-
nents of the SV1. The vertical propagation of the SV1
energy, from the lower level to the upper level, and
the conversion of the SV1 energy, from the moisture-
component energy to the kinetic energy, were closely

related to precipitation and the corresponding latent
heating in the basic state.

The relative ratio between convective and noncon-
vective precipitation from 1200 UTC 29 June to 1200
UTC 30 June 1994 is shown in Figs. 14a and b with 1-
h accumulated precipitation amount averaged over the
entire domain. Although the precipitation amount was
not large over the entire period because of the spatial
average, it increased continuously for the first 9 h and
remained nearly constant afterward. Nonconvective
precipitation was dominant from 1800 UTC 29 June
to 0300 UTC 30 June, and convective precipitation
was dominant after 0300 UTC 30 June. This tran-
sition from nonconvective precipitation to convective
precipitation was also observed in infrared satellite
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Fig. 10. (a) Horizontal distribution of vertically inte-
grated moisture flux convergence (shaded, 10−3 kg m−2

s−1) and the 0.85-sigma level relative humidity (contour,
>90%) at 1800 UTC 29 June 1994. (b) Vertical structure
of potential temperature (K, dashed line) and equivalent
potential temperature (K, solid line) calculated at the
moisture convergence maximum point denoted by x in
(a).

images (Figs. 14c and d). At 1800 UTC 29 June,
the horizontal scale of cloud cover was large, and the
temperature at the cloud top was relatively high (i.e.,
cloud-top height was low). In contrast, the horizontal
scale of cloud cover was small and the temperature at
the cloud top was relatively low (i.e., cloud-top height
was high) at 0900 UTC 30 June. The system associ-
ated with nonconvective precipitation was character-
ized by a large horizontal scale and a small vertical
scale, and the system associated with convective pre-
cipitation had a small horizontal scale and a large ver-
tical scale.

Fig. 11. Same as Fig. 8, but for (a) 1800 UTC 29 June,
(b) 2200 UTC 29 June, and (c) 0500 UTC 30 June 1994.

As shown previously in Figs. 11b and c, kinetic
energy was dominant from 1800 UTC 29 June to 0300
UTC 30 June, and the moisture-component energy was
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Fig. 12. Zonal wind component (m s−1, shaded) and
meridional wind component (m s−1, negative values are
denoted by dashed contours) of SV1 at 1800 UTC 29 June
1994 computed from nonlinear growth of initial SV1 for
(a) the 0.15-sigma level and (b) the 0.85-sigma level.

dominant after 0300 UTC 30 June in the lower minor
peak. This change in the dominant type of the SV1
energy minor peak was related to the transition of the
precipitation type in the basic state. From 1800 UTC
29 June to 0300 UTC 30 June, nonconvective precipi-
tation was dominant, and the system associated with
the nonconvective precipitation had a relatively small
vertical scale. Therefore, the maximum of vertical mo-
tion appeared at a lower-middle level, and the cor-
responding convergence appeared at a relatively low
level. The kinetic energy in the lower-level minor peak
of the SV1 energy corresponded to the lower-level con-
vergence of the basic state. After 0300 UTC 30 June,
convective precipitation was dominant, and the sys-

tem associated with the convective precipitation had
a large vertical scale. The maximum of vertical motion
and the corresponding convergence shifted to the mid-
upper level, and hence the moisture-component energy
related to the moisture transport in the basic state was
dominant in the minor peak of the SV1 energy profile.

The temporal variation in the vertical profile of
the SV1 energy can be summarized as follows. At the
initial time, the temperature-component energy was
dominant at the lower level, and this was related to
the lower-level baroclinicity of the basic state. After
the initial time, the moisture-component energy at the
lower levels was dominant for ∼4 h. This 4-h domi-
nance of the moisture-component energy was related
to the moisture transport in the basic state. From
1800 UTC 29 June to 1200 UTC 30 June 1994, the
kinetic energy at the upper levels was prominent in the
vertical profile of the SV1 energy. During this pe-
riod, latent heat resulting from convective and non-
convective precipitation was released, and this latent
heating enhanced buoyancy. Vertical motion increased
due to the enhanced buoyancy. Finally, divergence
appeared above the rising motion and convergence ap-
peared below the rising motion, and this divergence
was related to the kinetic energy at the upper levels
in the SV1 energy profile. The divergence was greater
than the corresponding convergence in the basic state
(Figs. 13b and d), and this characteristic of the ba-
sic state was reflected in the horizontal distribution
(Fig. 12) and the energy profile (Figs. 11b and c)
of the SV1. From 1800 UTC 29 June to 0300 UTC
30 June 1994, nonconvective precipitation was domi-
nant. The maximum vertical motion appeared at the
middle level, and convergence occurred at the lower
levels. This lower-level convergence in the basic state
corresponds to the kinetic-energy minor peak at the
lower level in the SV1 energy profile. After 0300 UTC
30 June, convective precipitation was dominant. The
maximum vertical motion appeared at the upper level,
and the convergence occurred at the mid-upper levels.
Although the kinetic-energy peak at the upper level in
the SV1 energy profile was associated with the upper-
level divergence in the basic state, the mid-upper level
convergence in the basic state contributed to the ki-
netic energy at the mid-upper levels in the SV1 energy
profile. The moisture-component energy, which was
related to the moisture transport in the basic state,
was dominant at the lower-level minor peak of the SV1
energy profile. Compared to the period when noncon-
vective precipitation was dominant, the upper-level di-
vergence in the basic state increased (Figs. 13b and
d), and this change in the basic state is reflected in the
SV1 energy profile (Fig. 11b and c).

Figure 15 shows vertical distributions of the SV1



24 NONLINEAR GROWTH OF SINGULAR VECTOR VOL. 29

Fig. 13. (a) Horizontal distribution of 1-h accumulated precipitation amount (shaded, mm) at 2200 UTC
29 June 1994. (b) Vertical cross section along the line in (a) of latent heating (shaded, 10−5 K s−1),
divergence (s−1, negative values are denoted by dashed contours), and vertical-motion vector (m s−1) at
2200 UTC 29 June 1994. (c) Same as (a), but for 0500 UTC 30 June 1994. (d) Same as (b), but for 0500
UTC 30 June 1994.

energy computed from a fake dry experiment. In the
fake dry experiment, two experiments, CONTROL
and PERTURBED were performed without the latent
heating caused by the (nonconvective and convective)
precipitation processes. At 1200 UTC 29 June, the
temperature-component energy was dominant at the
0.85-sigma level, and the moisture-component energy
was dominant at lower levels at 1300 UTC 29 June
1994. These features are equivalent to those of the pre-
vious experiment. However, the moisture-component
energy was still dominant at the 0.85-sigma level even
at 1200 UTC 30 June. This result emphasizes the im-
portance of latent heating caused by the precipitation
in the vertical propagation, from the lower level to the

upper level, and the transition, from potential energy
to kinetic energy, of the SV1 energy.

Additional experiments, where the moisture con-
vergence decreased or increased gradually during the
optimization time interval, were conducted to inves-
tigate the effect of moisture in the propagation and
transition of the SV1 energy. When the moisture con-
vergence decreased, the propagation of the SV1 energy
from the lower level to the upper level and the transi-
tion of the SV1 energy from the moisture-component
energy to the kinetic energy were delayed and weak-
ened. Conversely, when the moisture convergence in-
creased, the propagation of the SV1 energy from the
lower level to the upper level and the transition of the
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Fig. 14. (a) Time series of domain-averaged 1-h accumulated precipitation (mm). (b) Relative ra-
tio of convective or nonconvective precipitation to total precipitation as a function of time. Satellite
infrared image at (c) 1800 UTC 29 June and (d) 0900 UTC on 30 June 1994.

SV1 energy from the moisture–component energy to
the kinetic energy were accelerated and strengthened
(figures not shown). This implies the importance of
moisture in the nonlinear evolution of the SV1 energy.

It is essential to evaluate the linearity assumption
on which the singular vector calculation is based, as
mentioned in Errico and Raeder (1999). The ratios
of the linearly evolved SV1 to the nonlinearly evolved
SV1 for the zonal wind, meridional wind, temperature,
and moisture components of the SV1 were 1.45, 1.51,
1.41, and 1.22, respectively. The ratios were calculated
at the optimization time and in the entire domain.
These ratios were used to verify the linearity assump-
tion in Zou et al. (1997), and Kim and Jung (2009a,
b). Instead of using infinitesimal amplitude pertur-
bations, the initial SV1 was used as finite-amplitude
perturbations for the linearity assumption test in this
study. In detail, the initial SV1 was rescaled to have
maximum amplitude of typical analysis error (or un-

certainty) as suggested by Errico and Raeder (1999).
The maximum amplitudes of the initial perturbations
were 4 m s−1 for the zonal and meridional wind compo-
nents, 2 K for the temperature component, and 0.001
kg kg−1 for the moisture component. Overall, linear
growth was greater than nonlinear growth, but the dif-
ference between the linear and nonlinear growth was
not very large. In spite of this inconsistency in ampli-
tude, the horizontal and vertical structures of the lin-
early evolved SV1 and nonlinearly evolved SV1 were
similar to each other except for minor phase differences
(figures not shown).

In summary, the dominance of the temperature-
component, moisture-component, and kinetic energy
in the SV1 energy profile is closely related to the
baroclinic instability (and moisture availability), mois-
ture transport, and upper-level divergence in the basic
state, respectively. The nonlinear growth of the SV1
and the temporal evolution of the basic state were ap-
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Fig. 15. Vertical profile of SV1 total energy (J kg−1, solid line), kinetic energy
(J kg−1, dashed line), temperature-component energy (J kg−1, dotted line), and
moisture-component energy (J kg−1, dash-dotted line) computed from nonlinear
growth of initial SV1 without latent-heat release (fake dry experiment) at (a) 1200
UTC 29 June, (b) 1300 UTC 29 June, (c) 1800 UTC 29 June, and (d) 1200 UTC 30
June 1994.

propriately correlated. In particular, the importance
of moisture in this heavy rainfall case can be deduced
from the nonlinear growth of the SV1 energy.

5. Summary and conclusion

Singular vectors related to a heavy rainfall case
over the Korean Peninsula were calculated, and the
characteristics and nonlinear growth of the singular
vector were analyzed using the MM5 adjoint modeling
system. Moist physical processes were included in the
tangent linear and adjoint models, and the moist basic
state and moist total energy norm were used for the
singular-vector calculation. The inclusion of moist lin-
ear physics and the use of a moist total energy norm
were relevant to the singular-vector calculation related
to a heavy rainfall case.

The horizontal location of the initial SV1 was near
the Shandong Peninsula, and it coincided with the ini-
tial location of the surface low. The final SV1 occurred
over the East Sea (Sea of Japan), downstream of the
initial location. The temperature-component energy
at the lower level was converted into kinetic energy
at the upper level. This energy conversion from mass
fields to wind fields is typical of midlatitude phenom-
ena, and it is consistent with the results of previous
studies on extratropical cyclones. Although the up-
scale energy transfer reported in previous studies was
not clearly observed in this study, large-scale energy
increased significantly compared to small-scale energy.

In this study, the nonlinear growth of the singu-
lar vector was closely related to the basic state. The
SV1 occurred over regions of high baroclinicity in-
dex, but its exact location shifted to the local max-
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imum of moisture availability at the initial time (1200
UTC 29 June 1994). The temperature-component en-
ergy at the lower level was dominant initially, but
the moisture-component energy at the lower levels
was dominant from 1300 UTC 29 June to 1700 UTC
29 June 1994. This 4-h dominance of the moisture-
component energy at lower levels reflects continuous
moisture transport in the basic state. The continu-
ous moisture transport constructs favorable conditions
for both convective and nonconvective precipitation.
There were two peaks in the vertical profile of the sin-
gular vector energy from 1800 UTC 29 June to 1200
UTC 30 June 1994 (the final time). One major peak
was related to the kinetic energy at upper levels and
the other minor peak was related to the kinetic en-
ergy (from 1800 UTC 29 June to 0300 UTC 30 June)
or the moisture-component energy (from 0400 UTC
30 June to 1200 UTC 30 June) at lower levels. Af-
ter 1800 UTC 29 June, a large amount of precipita-
tion occurred, and the corresponding latent heat was
released. This latent heating induced strong vertical
motion, and then divergence appeared at upper levels
and convergence appeared at lower levels. The ver-
tical propagation of the singular-vector energy from
the lower level to the upper level and the conversion
from the moisture-component energy to kinetic energy
reflect the upper-level divergence caused by precipita-
tion in the basic state. From 1800 UTC 29 June to
0300 UTC 30 June, nonconvective precipitation was
dominant, and convective precipitation was dominant
after 0300 UTC 30 June. This change in the dominant
type of precipitation was reflected in the variation of
the minor peak.

The singular vector for the heavy rainfall case ex-
amined in this study showed more localized structures
and a larger growth rate than did the singular vec-
tors for extratropical or tropical cases in previous stud-
ies. In previous studies, unshielding and untilting have
been suggested as growth mechanisms of the singular
vector calculated from dry global adjoint systems. In
this study, we revealed that latent heating due to pre-
cipitation was responsible for the nonlinear growth of
the singular vector calculated from moist version of
the MM5 adjoint modeling system. The crucial role of
the latent heating in the singular-vector growth and
the dominance of the moisture-component energy at
relatively earlier times emphasize the importance of
moisture availability in heavy rainfall cases over the
Korean Peninsula.

In this study, our conclusion has been drawn from
a particular case, and hence cannot be generalized. To
generalize the findings of this study, it will be neces-
sary to analyze singular vectors from a variety of cases.
However, the results from this study do support ap-

plications of singular vectors to target (or adaptive)
observations and ensemble forecasting in spite of the
linearity restriction.
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